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Abstract
The recently constructed Hamiltonians for spinless binary black holes through third post-
Newtonian order and for spinning ones through formal second post-Newtonian order, where the
spins are counted of zero post-Newtonian order, are transformed into fully canonical center-of-mass
and rest-frame variables. The mixture terms in the Hamiltonians between center-of-mass and rest-
frame variables are in accordance with the relation between the total linear momentum and the
center-of-mass velocity as demanded by global Lorentz invariance. The various generating functions
for the center-of-mass and rest-frame canonical variables are explicitly given in terms of the single-
particle canonical variables. The no-interaction theorem does not apply because the world-line
condition of Lorentz covariant position variables is not imposed.
PACS number(s): 11.30.Cp, 04.25.Nx, 45.20.Jj, 45.50.Pk
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I. INTRODUCTION
The conservative Hamiltonians for non-spinning and spinning binary black holes are
known to higher post-Newtonian (PN) orders in global inertial reference frames [1–9]. How-
ever, applications are typically made in the rest frame where the total linear momentum of
the binary system vanishes [10–12]. In that case six degrees of freedom in phase space get
suppressed and the remaining Hamiltonians simplify a lot. By boosting the system back, the
original Hamiltonians are recovered but within a set of canonical variables different from the
former single-particle ones. If a Hamiltonian were given in Lorentz covariant coordinates,
boosting would be straightforward. However, the canonical coordinates the Hamiltonians
are presented in are quite different from Lorentz covariant ones, so boosting of those coor-
dinates is quite an involved procedure. In this paper we will solve the problem of boosted
representation of Hamiltonians by constructing fully canonical center-of-mass and rest-frame
coordinates. This work is based on the diploma thesis of one of the authors [13].
A historical view to the relativistic mechanics in Hamiltonian form, see, e.g. [14], clearly
shows that the problem of constructing center-of-mass and rest-frame coordinates for in-
teracting relativistic systems has a long tradition beginning with the pioneering works by
Thomas, Bakamjian, and Foldy around the 1950s of the last century [15–17]. To our best
knowledge, the known general relativistic gravitational Hamiltonians for binary point-like
particles with and without spin have never been given in canonical center-of-mass and rest-
frame coordinates, not even at the 1PN level where the world-line condition still applies,
i.e. where fully canonical coordinates and Lorentz covariance of particle position vectors are
still compatible, see, e.g. [18, 19]. Evidently, the center-of-mass and relative position coordi-
nates we are searching for are of Newton-Wigner type because of component-wise vanishing
Poisson brackets [20].
The importance of the present work can be seen in two directions (i), it is by far not
trivial to explicitly construct the involved canonical coordinate transformations in phase
space and (ii), for future applications, the ground will be led for a Hamiltonian treatment of
e.g. the recoil in binary systems through gravitational radiation emission or of the orbital
motion or scattering of binaries in many-body systems, see, e.g., [21] for the post-Newtonian
motion of the Moon or [22] for a relativistic generalization of the Jacobi momenta of the
non-relativistic three-body problem.
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II. IMPLICATIONS FROM THE POINCARÉ ALGEBRA
In space-asymptotically flat spacetimes, the ten conserved quantities total energy H ,
linear momentum P i ≡ Pi, angular momentum J i ≡ Ji, and Lorentz boost vector Ki have
to fulfill the Poincaré algebra
{
P i, H
}
=
{
J i, H
}
= 0, (1a)
{
Gi, H
}
= P i,
{
P i, P j
}
= 0, (1b)
{
J i, P j
}
= ǫijkP k,
{
J i, J j
}
= ǫijkJk, (1c)
{
J i, Gj
}
= ǫijkGk,
{
Gi, P j
}
=
1
c2
Hδij, (1d)
{
Gi, Gj
}
= − 1
c2
ǫijkJk, (1e)
where Gi = Ki + P it is the non-explicitly time-dependent center-of-energy vector Gi.
Defining
M =
1
c2
√
H2 − c2P 2, or, H =
√
c4M2 + c2P 2, (2)
a canonical center-of-mass coordinate X i can be introduced in the following manner [23–26]
X = c2
G
H
+
1
M (H + c2M)
(
J− c2
(
G
H
×P
))
×P, (3a)
where G = (Gi) etc. Reversely, the center-of-energy vector can be expressed in the form
G =
1
c2
HX− 1
Mc2 +H
(J−X×P)×P. (3b)
It is crucial to point out that we make no further assumptions on X or G.
The fundamental Poisson brackets read
{
X i, Xj
}
= 0, (4a){
X i, P j
}
= δij, (4b){
P i, P j
}
= 0. (4c)
Further, for the center-of-mass velocity V,
V ≡ X˙ = {X, H} = c
2P
H
, or, P =
H
c2
V (5)
3
are valid. Hereof the relations
P =
MV√
1− V 2
c2
and H =
Mc2√
1− V 2
c2
(6)
follow as the single-particle case mandates. Notice that it also holds
V = {G, H} c
2
H
, (7)
i.e. the speed of the center-of-energy vector coincides with the speed of the canonical center-
of-mass position vector.
The Poisson brackets resulting from the Poincaré algebra,
{H, M} = 0, (8a){
P i, M
}
= 0, (8b){
X i, M
}
= 0, (8c)
are crucial in the following. They fully generally show that the rest-mass energy M is a
constant of motion not depending on the center-of-mass phase-space coordinates X and P.
Restricting ourselves at the beginning to spinless binary point-mass systems, the explicit
expressions for the total linear and orbital angular momentum read
P = p1 + p2, J = x1×p1 + x2×p2, (9)
where x1,p1 and x2,p2 denote the canonical position and momentum variables of the par-
ticles with labels 1, 2.
In the following we will also need a slight generalization of an infinitesimal canonical
transformation. Let g be the generator, that is a smooth function on phase space. Define
by
Tgf ≡ exp ({·, g}) f (10a)
= f + {f, g}+ 1
2
{{f, g} , g}+ 1
6
{{{f, g} , g} , g}+ . . . (10b)
an operator on phase-space functions f . It is easy to check that Tg (i), preserves Poisson
brackets and (ii), does not modify Kronecker deltas, and therefore is a (finite) canonical
transformation. For our purposes, the generator will always be at least of order c−2, and
we are only interested in a weakly relativistic portion. Cutting off after the appropriate PN
level, only finitely many brackets remain in the above formula, and Tg thereby turns into a
generalized infinitesimal canonical transformation.
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III. CENTER-OF-MASS AND REST-FRAME CANONICAL COORDINATES
The well-known canonical coordinates adapted to the Newtonian problem obey the usual
canonical Poisson bracket relations exactly without reference to any PN cutoff:
XN =
m1
m1 +m2
x1 +
m2
m1 +m2
x2, (11a)
PN = p1 + p2, (11b)
xN = x1 − x2, (11c)
pN =
m2
m1 +m2
p1 −
m1
m1 +m2
p2, (11d)
with {
XN i, PN j
}
= δij ,
{
xN i, pN j
}
= δij , zero otherwise. (12)
A contact transformation will take XN to the correct Newton-Wigner center-of-mass
coordinate X. In the spirit of Ref. [16], we impose
TgX
N = X, (13a)
{P, g} = 0, (13b)
{J, g} = 0, (13c)
g = O
(
c−2
)
(13d)
on the generating function g and find the new coordinates as
X = TgX
N, (14a)
P = TgP
N, (14b)
x = Tgx
N, (14c)
p = Tgp
N. (14d)
These conditions have a number of desirable consequences. The new set of fundamental
canonical coordinates includes the center-of-mass linear momentum and position vectors P
and X, respectively. Poisson bracket relations similar to the particle variables are satisfied,
no constraints are necessary. The orbital angular momentum is realized simply as J =
X×P+x×p. They also entail that the center-of-energy vectorG = G (X,P,J,M) depends
only on the motion of the system as a whole, while the invariant mass M = M (x,p) is
a function of the internal dynamics only. The latter is important because M generates
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the internal part of the equations of motion: for any observable f , we have {f, H} =
c2MH−1 {f, c2M} + 1
2
c2H−1 {f, P 2}. Since Tg is a canonical transformation, the Poincaré
algebra is satisfied in the new variables.
The generator of the canonical transformation we calculated by the method of undeter-
mined coefficients [2]. All algebraic manipulations were performed with the aid of Math-
ematica and xTensor [27]. Groebner basis methods were used to account for the non-
uniqueness resulting from the following vector identity:
(v1 · v2×v3)v4 = (v4 · v2×v3)v1 + (v1 · v4×v3)v2 + (v1 · v2×v4)v3. (15)
IV. RESULTS FOR TWO POINT MASSES WITHOUT SPIN
It is most convenient to introduce rescaled variables in the form
xˆ =
x
Gm
, pˆ =
p
µ
, tˆ =
t
Gm
, Mˆ =
M −m
µ
, (16a)
rˆ = |xˆ| , nˆ = xˆ/rˆ = x/r = n, (16b)
µ =
m1m2
m1 +m2
, m = m1 +m2, ν =
µ
m
. (16c)
From the structure of our Hamiltonian in relation to the rest-mass energy it is clear that
our reduced rest mass has to read [10, Eqs. 3.2-3.6], [11], [4],
Mˆ =
1
2
pˆ2 − 1
rˆ
+ c−2
{
3ν − 1
8
(
pˆ2
)2 − ν + 3
2
pˆ2
rˆ
− ν
2
(nˆ · pˆ)2
rˆ
+
1
2
1
rˆ2
}
(17)
+ c−4
{
1
16
(
5ν2 − 5ν + 1) (pˆ2)3 − 3 ν2 + 20ν − 5
8
(pˆ2)
2
rˆ
− ν
2
4
(nˆ · pˆ)2 pˆ2
rˆ
−3ν
2
8
(nˆ · pˆ)4
rˆ
+
(
4ν +
5
2
)
pˆ2
rˆ2
+
3ν
2
(nˆ · pˆ)2
rˆ2
− 3ν + 1
4
1
rˆ3
}
+ c−6
{
5
128
(
7ν3 − 14ν2 + 7ν − 1) (pˆ2)4 + 1
16
(−5ν3 − 53ν2 + 42ν − 7) (pˆ2)
3
rˆ
+
(2− 3ν)ν2
16
(nˆ · pˆ)2 (pˆ2)2
rˆ
− 3(ν − 1)ν
2
16
(nˆ · pˆ)4 pˆ2
rˆ
− 5ν
3
16
(nˆ · pˆ)6
rˆ
+
109ν2 + 136ν − 27
16
(pˆ2)
2
rˆ2
+
ν (30ν + 17)
16
(nˆ · pˆ)2 pˆ2
rˆ2
+
ν(43ν + 5)
12
(nˆ · pˆ)4
rˆ2
− 552ν
2 + (1340− 3π2) ν + 600
192
pˆ2
rˆ3
−ν (112ν + 3π
2 + 340)
64
(nˆ · pˆ)2
rˆ3
+
(872− 63π2) ν + 12
96
1
rˆ4
}
+O
(
c−8
)
,
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and the non-center-of-mass Hamiltonian has to be given by
H =
√
c4
(
µMˆ +m
)2
+ c2P 2. (18)
The generating function gpoint as detailed by Eqs. (10) then turns out to read (note we
are working with four different mass expressions m1, m2, m, µ for two different point masses
to cut down on formula length), where r12 = |x1 − x2|, n12 = (x1 − x2) /r12,
gpoint =
1
2
[
g1pN + g2pN + g
0G
3pN + g
1G
3pN + g
2G
3pN + g
3G
3pN + (1↔ 2)
]
, (19)
g1pN = c
−2
{[
m22
m1m3
(n12 · p1) p21r12 +
m22
m1m3
(n12 · p2) p21r12
−2m2 −m
m3
(n12 · p1) (p1 · p2) r12
]
−Gµ(2m2 −m)
m
(n12 · p1)
}
, (20a)
g2pN = c
−4
{[
− m
2
2(m2 + 2m1)
4m31m
4
(n12 · p1)
(
p21
)2
r12 − m
2
2(m2 + 2m1)
4m31m
4
(n12 · p2)
(
p21
)2
r12
+
2m2 + µ−m
2m21 m
3
(n12 · p1) (p1 · p2) p21r12 +
2m2 + µ−m
2m21 m
3
(n12 · p2) (p1 · p2) p21r12
−2m2 −m
2µ m4
(n12 · p1) (p1 · p2)2 r12 −
2m2 −m
4µ m4
(n12 · p1) p22p21r12
]
−G
[
m22(m2 −m1)
4m4
(n12 · p1)3 +
m1(−5m2 + 6 µ+m)
4m3
(n12 · p2) (n12 · p1)2
+
2 µ(3µ− 8m)− 5m2(µ− 2m)
4m1m2
(n12 · p1) p21
+
6µ2 − 5m2µ− 16mµ+ 5m2 + 5 m2m
4m1m2
(n12 · p2) p21
+
6m2 − 17 m2m− 3µm+ 6m2µ
2m3
(n12 · p1) (p1 · p2)
]
+G2
µ(2µ−m)(m− 2m2)
2 m
(n12 · p1)
r12
}
, (20b)
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g0G3pN = c
−6
{
m2 (−µ2 + 6m2) + 2µ (µ2 + 5 mµ− 3m2)
48m51m
4
(n12 · p1)
(
p21
)3
r12
+
m2 (−µ2 + 6m2) + 2µ (µ2 + 5mµ− 3m2)
48m51 m
4
(n12 · p2)
(
p21
)3
r12
−m (3 µ
2 + 16mµ− 8m2) +m2 (−6µ2 − 20mµ+ 17m2)
24m41m
5
(n12 · p1) (p1 · p2)
(
p21
)2
r12
−m (3µ
2 + 16mµ− 8 m2) +m2 (−6µ2 − 20mµ+ 17m2)
24 m41m
5
(n12 · p2) (p1 · p2)
(
p21
)2
r12
+
m2 (−6µ2 − 14mµ+ 13m2) +m (3µ2 + 7mµ− 6m2)
12m2m31 m
5
(n12 · p1) (p1 · p2)2 p21r12
−m2 (6µ
2 + 14mµ− 13m2) +m (−3µ2 − 7mµ+ 6m2)
12m2m31m
5
(n12 · p2) (p1 · p2)2 p21r12
+
(2m2 −m) (µ2 + 2 mµ− 2m2)
6µ2m7
(n12 · p1) (p1 · p2)3 r12
−2m2 (3µ
2 + 7m µ− 6m2) +m (−3µ2 − 16mµ+ 7 m2)
48m2m31m
5
(n12 · p1) p22
(
p21
)2
r12
−2m2 (3µ
2 + 7mµ− 6 m2) +m (−3µ2 − 16mµ+ 7m2)
48 m2m31m
5
(n12 · p2) p22
(
p21
)2
r12
+
(2m2 −m) (3µ2 + 6mµ− 5 m2)
12µ2m7
(n12 · p1) p22 (p1 · p2) p21 r12
}
, (20c)
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g1G3pN = c
−6G
{
m22(m1 −m2)
16m6
(n12 · p1)5 +
10 µ2 −m2µ− 16mµ+m2 + 5m2m
16m1 m4
(n12 · p2) (n12 · p1)4
+
10 µ2 + 3m2µ− 26mµ+ 8m2 − 5m2m
8m1 m4
(n12 · p2)2 (n12 · p1)3
+
m22(10m2 + 4µ− 3m)
48m1 m5
(n12 · p1)3 p21
−4µ
2 − 13 mµ+m2 + 6m2(µ+m)
16m1m4
(n12 · p2) (n12 · p1)2 p21
+
m (6µ2 + 9 mµ− 4m2) +m2 (−4µ2 + 15mµ+ 5 m2)
16µm5
(n12 · p2)2 (n12 · p1) p21
−m2 (27µ
2 − 32mµ− 54 m2) + 2µ (µ2 − 9mµ+ 43m2)
48 m31m
3
(n12 · p1)
(
p21
)2
−m2 (27µ
2 − 20mµ− 42m2) + 2 (µ3 − 9m µ2 + 43m2µ− 6m3)
48m31m
3
(n12 · p2)
(
p21
)2
+
−4m2µ+ 2mµ+ 3m2 m
24m5
(n12 · p1)3 (p1 · p2)
−m (−2µ
2 + 7mµ− 6m2) +m2 (4 µ2 − 15mµ+ 18m2)
8µm5
(n12 · p2) (n12 · p1)2 (p1 · p2)
−m (−30µ
2 + 84 mµ − 47m2) +m2 (4µ2 − 38mµ+ 101 m2)
24m21m
4
(n12 · p1) (p1 · p2) p21
−−4µ
3 + 38mµ2 − 101m2µ− 6m3 +m2 (−26µ2 + 22mµ+ 60m2)
24m2m21 m
3
(n12 · p2) (p1 · p2) p21
−m2 (−2µ
2 + 14 mµ− 55m2) +m (µ2 − 13mµ+ 29 m2)
12µm5
(n12 · p1) (p1 · p2)2
−m2 (4µ
2 − 11mµ− 43m2) +m (2µ2 + 13mµ+ 13m2)
48µ m5
(n12 · p1)3 p22
−m2 (−4 µ
2 + 60mµ+ 2m2) +m (2µ2 − 42m µ+ 17m2)
48µm5
(n12 · p1) p22p21
}
, (20d)
g2G3pN = c
−6G2
{
m2 (24µ
2 − 20mµ+ 5m2 + 2m2 (m− 6µ))
24m3
(n12 · p1)3
r12
(20e)
−m (12µ
2 − 6mµ− 5m2) +m2 (−72µ2 + 48mµ+ 3m2)
24 m3
(n12 · p2) (n12 · p1)2
r12
+
m2 (38µ
2 + 19mµ+ 90m2)− 2µ (22 µ2 − 33mµ+ 68m2)
24m1 m2
(n12 · p1) p21
r12
+
−44 µ3 + 66mµ2 − 166m2µ+ 65m3 +m2 (38 µ2 + 37mµ+ 25m2)
24m1 m2
(n12 · p2) p21
r12
−m (−44µ
2 + 62mµ− 79m2) + 4m2 (22 µ2 − 40mµ+ 69m2)
24m3
(n12 · p1) (p1 · p2)
r12
}
,
g3G3pN = c
−6G3
µ(m− 2m2) (4µ2 −mµ+m2)
4m
(n12 · p1)
r212
. (20f)
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V. RESULTS FOR TWO PARTICLES WITH SPIN
In the case of two spinning particles, the Hamiltonian and the center-of-energy vector
are only known up to the formal 2PN order. Here, we are counting formally, i.e. S1 has
the same units as an orbital angular momentum, without any reference to its magnitude
for maximally rotating black holes. Since the expression for H is quite lenghty, we will not
repeat here the formulas for the Hamiltonians given in [6–9]. However, the total Hamiltonian
may be abbreviated as follows, [28],
H = HN +H1PN +H2PN +H3PN
+ HLOSO +H
LO
S1S2
+HLOS21
+HLOS22
+ HNLOSO +H
NLO
S1S2
+HNLOS21
+HNLOS22
+ Hp1S32 +Hp2S31 +Hp1S31 +Hp2S32
+ Hp1S1S22 +Hp2S2S21 +Hp1S2S21 +Hp2S1S22
+ HS21S22 +HS1S32 +HS2S31 , (21)
where LO and NLO respectively denote leading and next-to-leading order coupling and SO
spin-orbit coupling. The other Hamiltonians with spin are leading order ones. The related
expression for Mˆ is given by
Mˆ total2pN spin = Mˆpoint +
1
2
[
Mˆ s1pN + Mˆ
s
2pN + (1 ↔ 2)
]
+O
(
c−6
)
. (22)
Here, “1 ↔ 2” maps p ↔ −p, x ↔ −x, S1 ↔ S2, and m1 ↔ m2. In an abuse of notation,
we will take Mˆpoint to signal the same dependency on the variables x, p as in the spinless
case. Since these have a different meaning here, Mˆpoint is not the same phase-space function
as Mˆ in the previous section. Introducing
Sˆ1 =
S1
Gm1
, Sˆ2 =
S2
Gm2
, (23)
where
S1 = Tgtotal
spin
S1, (24a)
S2 = Tgtotal
spin
S2, (24b)
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we get
Mˆ s1pN = c
−2
{
4m−m2
m2
(
nˆ · pˆ×Sˆ1
)
r2
+
3
m2
(
nˆ · Sˆ1
)2
rˆ3
+
3
m2
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)
r3
− 1
m2
Sˆ21
r3
− 1
m2
(
Sˆ1 · Sˆ2
)
r3
}
, (25a)
11
Mˆ s2pN = c
−4
{
2(m2 − 2(µ+ 3m))
m2
(
nˆ · pˆ×Sˆ1
)
rˆ3
+
3m2m1(m2 + 2m1)
2m4
(
nˆ · pˆ×Sˆ1
)
(nˆ · pˆ)2
rˆ2
−3m2µ− 19mµ+ 5m2m
4m3
(
nˆ · pˆ×Sˆ1
)
pˆ2
rˆ2
− 5m2 + 9m
m3
(
nˆ · Sˆ1
)2
rˆ4
+
15µ
2m3
(nˆ · pˆ)2
(
nˆ · Sˆ1
)2
rˆ3
− 12
m2
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)
rˆ4
+
15µ
2m3
(nˆ · pˆ)2
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)
rˆ3
+
3(−7m2 + µ+ 6m)
4m3
(
nˆ · Sˆ1
)2
pˆ2
rˆ3
+
9µ+ 6m
4m3
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)
pˆ2
rˆ3
− 3(m2 + µ)
2m3
(nˆ · pˆ)
(
nˆ · Sˆ1
)(
pˆ · Sˆ1
)
rˆ3
+
3(2m2 − 3µ− 4m)
2m3
(nˆ · pˆ)
(
nˆ · Sˆ2
)(
pˆ · Sˆ1
)
rˆ3
+
m22
2m4
(
pˆ · Sˆ1
)2
rˆ3
+
µ+ 3m
2m3
(
pˆ · Sˆ2
)(
pˆ · Sˆ1
)
rˆ3
+
m2 + 5m
m3
Sˆ21
rˆ4
+
3(m2 − 3µ)
4m3
(nˆ · pˆ)2 Sˆ21
rˆ3
−3m1
2m3
pˆ2Sˆ21
rˆ3
+
6
m2
(
Sˆ1 · Sˆ2
)
rˆ4
− 3(µ− 4m)
4m3
(nˆ · pˆ)2
(
Sˆ1 · Sˆ2
)
rˆ3
−2µ+ 3m
2m3
pˆ2
(
Sˆ1 · Sˆ2
)
rˆ3
− 5(m2 + 4m1)
2m4
(
nˆ · pˆ×Sˆ1
)(
nˆ · Sˆ1
)2
rˆ4
+
m2 + 4m1
2m4
(
nˆ · pˆ×Sˆ1
)
Sˆ21
rˆ4
+
15(m2 − 3m)
2m4
(
nˆ · pˆ×Sˆ2
)(
nˆ · Sˆ1
)2
rˆ4
−3(m2 − 3m)
2m4
(
nˆ · pˆ×Sˆ2
)
Sˆ21
rˆ4
− 15m2
m4
(
nˆ · Sˆ1×Sˆ2
)
(nˆ · pˆ)
(
nˆ · Sˆ1
)
rˆ4
+
3m2
m4
(
nˆ · Sˆ1×Sˆ2
)(
pˆ · Sˆ1
)
rˆ4
+
6m2 − 9m
m4
(
pˆ · Sˆ1×Sˆ2
)(
nˆ · Sˆ1
)
rˆ4
− 35
m4
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)3
rˆ5
− 105
4m4
(
nˆ · Sˆ2
)2 (
nˆ · Sˆ1
)2
rˆ5
+
15
m4
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)
Sˆ21
rˆ5
+
15
2m4
(
nˆ · Sˆ2
)2
Sˆ21
rˆ5
+
15
m4
(
nˆ · Sˆ1
)2 (
Sˆ1 · Sˆ2
)
rˆ5
+
15
m4
(
nˆ · Sˆ2
)(
nˆ · Sˆ1
)(
Sˆ1 · Sˆ2
)
rˆ5
− 3
m4
(
Sˆ1 · Sˆ2
)
Sˆ21
rˆ5
+
3
4m4
(
Sˆ1 · Sˆ2
)2
rˆ5
− 3
4m4
Sˆ22 Sˆ21
rˆ5
}
. (25b)
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Again, we have determined a generating function such that the binary’s invariant mass
takes the same form in the transformed variables as in the center-of-mass frame. However,
the Poincaré group generators H , G, J and therefore also X differ from the point-particle
case, particularly J = x1×p1 + x2×p2 + S1 + S2, where additionally
{
Sia, S
j
b
}
= ǫijkSkδab
holds.
The generating function gtotalspin reads,
gtotalspin = gpoint +
1
2
[gspin + (1↔ 2)] , (26)
gspin = −c−2 1
m1m
(p1 · p2×S1) + c−4
{[
µ+m
4m31m
2
(p1 · p2×S1) p21
+
2m2 − 3m
4m21m
3
(p1 · p2×S1) (p1 · p2)−
m2 +m
4µm4
(p1 · p2×S2) p21
]
+G
[
3(m2 − 2µ)
2m1m
(n12 · p1) (n12 · S1)2
r212
+
6m2 − 3m
m2
(n12 · p1) (n12 · S2) (n12 · S1)
r212
+
3(m2 + 2µ−m)
2m2m
(n12 · p1) (n12 · S2)2
r212
− 4m2
m1m
(n12 · S1) (p1 · S1)
r212
+
1
m
(n12 · S2) (p1 · S1)
r212
− 1
m
(n12 · S1) (p1 · S2)
r212
+
4m1
m2m
(n12 · S2) (p1 · S2)
r212
+
3m2 + 2µ
2m1m
(n12 · p1)S21
r212
+
m− 2m2
m2
(n12 · p1) (S1 · S2)
r212
− m1(2m2 + 3m)
2m2m2
(n12 · p1)S22
r212
+
2m2(µ+ 5m)− 17µm
4m1m2
(n12 · p1×S1) (n12 · p1)
r12
+
4m2 + 6m2m− 17µm+ 2m2µ
4m1m2
(n12 · p1×S1) (n12 · p2)
r12
+
19m2 − 2µ− 7m
4m2
(n12 · p1×S2) (n12 · p1)
r12
−19m2 + 2µ− 8m
4m2
(n12 · p2×S1) (n12 · p1)
r12
−m2 + 2µ− 6m
2m1m
(p1 · p2×S1)
r12
]}
. (27)
VI. CONCLUSIONS
We have derived the center-of-mass and rest-frame coordinate representation of the
presently known binary Hamiltonians with spinning components. The result is given by
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Eq. (17) and Eqs. (25). Additionally, and even more important, all the transformations
from the original canonical coordinates to the new ones are presented in explicit form in the
Eqs. (19), (20), (26), and (27). This shows full consistency of our general relativistic Hamil-
tonians having to be of the form (18) with reduced rest-mass only depending on rest-frame
coordinates. Thus, our curved spacetimes generated through interacting spinning bodies
perfectly respect the asymptotic Lorentz invariance as they should.
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Appendix A: Generators given in center-of-mass coordinates
For the convenience of the reader, we also give the resulting generating functions in
center-of-mass coordinates. The canonical transformation generated by −gpoint or −gtotalspin
respectively maps the center-of-mass coordinates onto their Newtonian counterparts:
− gpoint = h1pN + h2pN + h0G3pN + h1G3pN + h2G3pN + h3G3pN +O
(
c−8
)
, (A1)
− gtotalspin = h1pN + h2pN +
1
2
[hspin + (1↔ 2)] +O
(
c−6
)
, (A2)
h1pN = c
−2
{
− 1
2m2
(n ·P) (P · p) r + m− 2m2
2µm2
(n ·P) p2r
}
+c−2Gµ
(
m2
m
− 1
2
)
(n ·P) , (A3a)
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h2pN = c
−4
{
1
4m4
(n ·P) (P · p)P 2r + m2 −m1
4µm4
(n ·P) (P · p)2 r + m2 −m1
8µm4
(n ·P) p2P 2r
+
m− 2µ
4µ2m3
(n ·P) p2 (P · p) r − m− 2m2
8µ3m2
(n ·P) (p2)2 r
}
+c−4G
{
µ(m− 2m2)
8m3
(n ·P)3 − m− 4µ
8m2
(n · p) (n ·P)2 + m2 −m1
4m2
(n · p)2 (n ·P)
+
µ(m− 2m2)
8m3
(n ·P)P 2 − 5
8m
(n · p)P 2 + 1
m
(n ·P) (P · p)
+
(2µ− 5m)(m− 2m2)
4µm2
(n ·P) p2
}
− c−4G2µ(2µ−m)(m− 2m2)
4m
(n ·P)
r
, (A3b)
h0G3pN = c
−6
{
− 1
6m6
(n ·P) (P · p) (P 2)2 r + m− 2m2
4µm6
(n ·P) (P · p)2 P 2r
+
5µ− 2m
12µ2m5
(n ·P) (P · p)3 r + 7(m− 2m2)
96µm6
(n ·P) p2 (P 2)2 r
+
8µ− 5m
24µ2m5
(n ·P) p2 (P · p)P 2r − (4µ− 7m)(m− 2m2)
24µ3m5
(n ·P) p2 (P · p)2 r
−(2m2 −m)(4µ+ 5m)
96µ3m5
(n ·P) (p2)2 P 2r + 10µ− 3m
16µ4m3
(n ·P) (p2)2 (P · p) r
+
m41 −m42
16µ5m5
(n ·P) (p2)3 r
}
, (A3c)
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h1G3pN = c
−6G
{
m2(m2 −m1)m1
32m6
(n ·P)5 + m− 4µ
32m4
(n · p) (n ·P)4
+
3(m− 2m2)
16m4
(n · p)2 (n ·P)3 − 3(m− 4µ)
16µm3
(n · p)3 (n ·P)2
−3(m1 −m2)
16µm3
(n · p)4 (n ·P) + m2(m2 −m1)m1
12m6
(n ·P)3 P 2
+
3m− 8µ
32m4
(n · p) (n ·P)2 P 2 − (2m2 −m) (µ+ 2m)
16µm4
(n · p)2 (n ·P)P 2
− 3
16µm2
(n · p)3 P 2 + 7m2m1 (m2 −m1)
96m6
(n ·P) (P 2)2
+
1
4m3
(n · p) (P 2)2 + 5 (m− 4µ)
48m4
(n ·P)3 (P · p)
+
(2µ− 3m)(m− 2m2)
8µm4
(n · p) (n ·P)2 (P · p)
+
1
4µm2
(n · p)2 (n ·P) (P · p) + 4µ− 13m
24m4
(n ·P) (P · p)P 2
+
m2 −m1
8µm3
(n · p) (P · p)P 2 − (8µ− 29m)(m− 2m2)
24µm4
(n ·P) (P · p)2
− 1
8µm2
(n · p) (P · p)2 − (4µ− 13m)(m− 2m2)
96µm4
(n ·P)3 p2
− 1
2m3
(n · p) (n ·P)2 p2 + m− 2m2
4µm3
(n · p)2 (n ·P) p2
−(32µ− 17m)(m− 2m2)
96µm4
(n ·P) p2P 2
+
1
4µm2
(n · p) p2P 2 − 8µ
2 − 26mµ+ 9m2
8µ2m3
(n ·P) p2 (P · p)
+
9
16
(
1
m32
− 1
m31
)
(n ·P) (p2)2
}
, (A3d)
h2G3pN = c
−6G2
{
µ(6µ− 5m)(m− 2m2)
24m3
(n ·P)3
r
+
(
µ2
m2
− 3µ
4m
+
5
48
)
(n · p) (n ·P)2
r
+
(m− 2m2)(m− 2µ)
4m2
(n · p)2 (n ·P)
r
+
µ(7µ− 4m)(m− 2m2)
24m3
(n ·P)P 2
r
+
(
65
48
− 7µ
8m
)
(n · p)P 2
r
+
(
µ2
2m2
− 9µ
4m
− 101
48
)
(n ·P) (P · p)
r
+
m− 2m2
4m
(n · p) (P · p)
r
− (2m2 −m) (8µ
2 + 5mµ+ 30m2)
16µm2
(n ·P) p2
r
}
, (A3e)
h3G3pN = c
−6G3
µ(2m2 −m) (4µ2 −mµ+m2)
8m
(n ·P)
r2
, (A3f)
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hspin = c
−2 −1
m1m
(P · p×S1) + c−4
{
1
4m1m3
(P · p×S1)P 2 + 1
4m21m
2
(P · p×S1) (P · p)
+
m2 + 2m1
4m2m31m
(P · p×S1) p2
}
+ c−4G
{
− 3(m2 − 2µ)
2m1m
(n ·P) (n · S1)2
r2
+
3(m− 2m2)
2m2
(n ·P) (n · S2) (n · S1)
r2
+
4m2
m1m
(n · S1) (P · S1)
r2
− 1
m
(n · S2) (P · S1)
r2
−3m2 + 2µ
2m1m
(n ·P)S21
r2
+
m2 −m1
2m2
(n ·P) (S1 · S2)
r2
− 3m2 + 2µ
4m2
(n ·P×S1) (n ·P)
r
+
1
m
(n ·P×S1) (n · p)
r
− 9m2 + 2µ− 4m
2m1m
(n · p×S1) (n ·P)
r
−m2 + 2µ− 6m
2m1m
(P · p×S1)
r
}
. (A4)
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